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1-Introduction

Let A reprsent the class of all normalized analytic functions in the open unit disk
U = {&: |&| < 1}, with Taylor expansion

T =§+ ) duf™, ¢ ev). (1.1)
n=2

Let 8 represen the subclass of all functions in A which are univalent in U.
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The class of univalent functions has been extensively investigated because of its
fundamental role in geometric function theory.

By the Koebe one-quarter theorem [1], the inverse (71) of every T € § satisfies
the following relations:

THT®) = ¢ ¢ev)
and
1
7(771©) =3 (151 < @@ = ),

The inverse function admits the next Taylor-Maclaurin expansion:
T =R

= { = d0® + (2d] — d3)33 — (5d3 — 5dpds + dy)*

+ -, (1.2)

A function T is bi-univalent in U when both 7 and 7~ are univalent in there.
We use )’ to denote The class of all bi-univalent functions in U.

Consider T, R € A, where T be given by (1.1), and

RE =+ ) bus™, ¢ e ). (1.3)
n=2

Then the convolution product of T and R, by T (&) * R(§), is given by

TE+RE =§+ ) dubps™, ¢ ev). (1.4
n=2

The Hadamard product also known as convolution is an important tool in
geometric function theory and has been used to construct new operators and
investigate various subclasses of analytic and bi-univalent functions.

Among these operators, the Komatu integral operator has been widely used.

The Komatu integral operator, introduced by Komatu [2], is defined by:

e S en
KfT(E)—€+;<H—n) ™, (6> 0,020, € V)
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Another important operator is the Opoola differential operator, introduced by
Opoola [3], which is defined as follows:

DU p T () = §+ ) (L+(+p == DEVdns™,

n=2
(M ENy,p=u,u>0t=>0<&€l)

Using the Hadamard product of the Komatu integral operator K CQ T (&) with the
Opoola differential operator D" (u, p, t)T (&), we define the convolution operator:

HELTE) = KET() * D (1, p, DT (€)
=¢
NN n
+; (H—n) A+ @+p—p—1)O)d, e, (1.5)

For simplicity, the above operator can be rewritten as:
HELTE) =+ ) Qb ™,
n=2

¢+1
c+n

WhereQéfn =( )Q AQ+(n+p—u—1)t)"

Remark(1. 1): By assigning suitable values to the parameters, the operator

defined in (1.5) akes the form of the following established operators:

1.  When n = 0, the new convolution operator reduces to the Komatu integral
operator, that is

o (4 1\°
HIZT@ =6+ ) () dat” = KT
n=2

i1.  When p = 0, the new convolution operator reduces to the Opoola
differential operator, that is

HotfT () =€ + 2 (1+ (4 p— = DOMnE™ = DT(1,p, OT ()
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Hence, the proposed operator includes the Komatu integral operator and the
Opoola differential operator as special cases.

Motivated by these considerations, we employ the proposed convolution operator
together with quasi-subordination to introduce new subclasses of bi-univalent
functions and investigate their initial Taylor—-Maclaurin coefficient estimates and
Fekete—Szego inequalities.

If T and R be analytic in U. We say that T is quasi-subordinate to R in U, and
write:

T <4 R or T(§) <4 R(&), (& eU).

Suppose that analytic functions ¥ and { exist, satisfying |W(§)| < 1, ¢((0) =0
and |{(&)| < 1 such that T'(§) = W(&)R({(£)), for all (£ € U).

In fact, if ¥(§) = 1, then T (¢) = R({(€)) so that T(§) < R(§) in U. Also,
if ((&) =¢&,thenT (&) = W(&)R(E), and it is said that T is majorized to 9, written
T(¢) « R(&) in U. for more information see ([4],[10]).

Lewin [11] introduced the concept of the class ) of bi-univalent functions in 1967
and showed that |d,| < 1.51. Moreover, Brannan and Clunie [12] conjectured

that |d,| < V2, and Netanyahu [13] obtained that mdérey|d,| = g Later,

Styer and Wright [14] showed that there exists a function (¢ ) so that |d,| > g.

However, Tan [15] obtained the upper bound estimate |d,| < 1.485 of coefficient
for function ), by based on the works of Brannan and Taha [16] and Srivastava et
al. [17], numerous researchers examined classes of bi-univalent analytic functions
and discovered estimates for the Taylor-Maclaurin coefficients |d,| and |d 5| for
each function in these classes. [18], [19].

Ma and Minda [20] introduced and studied classes S*(¥) and R* (W) by means of
subordination, defined as follows:

§T'(9)
T()

S*(¥) = {T € A: <Y, ¢ € U},

and

$T" ()
T($)

G*'(¥) = {T EA: 1+ <¥Y®), ¢ e U},
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The classes S* (W) and G* (W) are called bi-Starlike and bi-convex of Ma-Minda
type, respectively.

In geometric function theory, the Fekete-Szegd functional |d; — ud3 | for
normalized univalent functions of the form defined by (1. 1) has a long and well-
established history. The Fekete-Szego functional has garnered a lot of interest in
recent years, especially in relation to numerous subclasses of the class of
normalized analytic and univalent functions [21].

Now, consider

9(E) =1+ CE+CE2+C383+++,  (C1>0) (1.6)
where 9(0) = 1 and 9'(0) > 0 also
W) =ko+ k& +kyE% + -, (1.7)

The following lemma will be required in establishing our main results

Lemma (1.1) [1]: If p € P, then |p;| < 2 for each i, where p is the family of all
functions p, analytic in U, for which

Re{p(§)} >0, ¢ €),

where
p(§) =1+p§+p§2 4+, (€.
Lemma(1.2)[20]: Let { be analytic function in U, with {(0) = 0, |{(§)]| < 1 and
0(8) = 018 + 082 +338% + .

then

G2 + u¢f| < max{1, |ul} ,u € C.
The result is sharp for the function {(§) = &2 or {(§) = €.
2- The Subclass V' 5.(#, 8, 9)

Definition (2.1): Let 7 € A be in the form (1.1) is said to belong to the class
N5 (#,8,9), provide that the following quasi-subordination conditions hold:
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1| (e (et ©) (?fi’é?fﬂf))g
AN\ HITPT () §
H NPT ¢
+ 5(( a (5))) 1} <, W) - 1), (2.1)
5 (}gﬁg{fﬂf)) +(1-8)¢
and

¢ (1RO (%ﬁﬁ?fﬂ«{))g

1
7 on.p
h H ot R(EQ) ¢

<((eezer) )
) (}fij{fﬂe(()) +(1-6)

wheree >0,0<A<1,a>16€CR=T"1 9isgivenby (1.3),and §,{ €
U.

+

~1t <, GO -1, (@22)

Taking & = 0 in Definition (2. 1), yields the following special case.

Remark(2.1): A function T € A be defined by (1.1). Then T be in the class
Nqofz (%, 6,19), whenever the following quasi-subordination conditions hold:

18 (#2107 @) . Sc((}[MQ’,CZPT(5)),)0(

—1}] <, @) - 1).

AN\ KT 5(}(52{;”7(5))+(1—5)5

and

1|(Ouzrr©)) ) AEERO)) -y
A\ RO ) 5 (s200 @) + (1 - 6)¢ q

Theorem (2.1): For T defined by (1.1) and belonging to the class NV, 5" (%, 8, 9),
then
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|2
A|PylC1/C
B |Po|C1y/C1 | 2.3)
AP CI(2 + &+ 3a—8)0;; +
AP C? (% (e24+e—-2)—-6Qa—-6)+ 2a(a — 1)) 02
G2
\ —((c; - +e+2a—6)?)
and
AC1(|P] + |P R2PECE
] < 1(|Po] + | 1I)ﬂ N 0 C1 y (2.4)
(2+e+3a—-8)0;; (1+e+2a-8)207;

where

1\ 9
€2=(Z:—2) A+Q@2+p—pu—21t)" and

1\ @
§3=(z—2) (1+@+p—u—1t)"

Proof: Since T € IV, qg"f (4, 8,9), there are analytic functions v, v: U = U with

v(0) =v(0) =0,|v(é)| <1 and |v({)| < 1 such that:

1
w\ H2ITE ¢

st
=¥EOO@E) -1),

and

{ (re57©) oy, f((errr@))”
5 (}gﬁﬁff(f)) +(1-6)¢

(2.5)

A\ H RO ¢
=YW@ - 1)

where R =T 1 and §,¢ € U.

Let p(¢) and g({) be given by
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1
49(5)=% =14 818+ 88% + -, (2.7)
and
1
%(O=%=1+t1f+tzfz+“‘» (2.8)
or equivalently
p@®-1_ 1 57
U(f)—m—z[élf+<52—7)fz+‘“]. (29)
and
_g@-1_1 1
V(Z)—W—E[’tl{-F(’fz—?)(z-l-..-]_ (210)

The functions p (&) and g({) are analytic in U and satisfy p(0) = ¢(0) = 1.
Moreover, since v,v: U = U, both p(¢) and g({) have positive real parts
throughout U.

Using (2.9) and (2.10) in (2.5) and (2. 6) respectively, we get:

| (e (eemer )\ preereren | e ((eemer @)
A\ 22T () ( )+

wt : 6 (#6200 7(©) + (1 - 8¢ i
B p@) -1\
= Y(&) (19 <—;/9(€) — 1) 1). (2.11)

and

1|(¢ (}tﬁ'g{;”ﬂe({))’ <}[§§fﬂ€({)>g L8 ((se2mPm(c ))) B
A\ HITIRE) ¢ 5 (}flfg{fye(c)) +(1-6)¢
_ g({) -1\
=¥(Q) <19 ( Gr 1) 1). (2.12)

Using the series expansions for 7' (§) and R({) given by (1.1) and (1.3)
respectively, we obtain
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£ (32127©) (}(jﬁ;”?(f))e ) ¢ ((emer @) )

1
A\ HTTE ¢ 5 (#2107©) + (1 - 0)¢

1
=2 1+ (1 +e+2e—8)0Q0,dx¢

+ ((2 + &+ 3a— S)Qéf3d3
+ (% (e +&—2) — 8(2a — 8) + 2a(a - 1))95545) §*

Lo (2.13)

and

S|P

{ (%jﬁ;”ﬂe(é ))’ <}f§§?fﬂ€({)>g N { ((}fjj{fﬂz(é ))’)a

Hod PR ¢ 5 (}[ﬁﬁ;pjz(()) +(1-6)

1
— %[1 —Q+e+2a- cY)QéfdeZ

+ ((2 +e+3a—6)0f,(2d5 — ds)
+ (% (e24+e—-2)—6QRa—06)+2a (a— 1)) Qé‘jdg) €
+ ] (2.14)

Using (2.9) and (2. 10) together with (1.6) and (1.7), it is evident that

p& -1
¥ <l9 <gﬂ(€) T 1) - 1>

1 1 1 87\ 1 2\ .
25?0615154' 5?16151 +E?061 »52—7 +Z:P06251 f

+ o, (2.15)
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and

g() -1\
vo(o(355%)

1 1 1 7\ 1 2\ .z
=E.{.P0617[71(+ E?leltl‘l‘z?ocl 7(:2 —7 +Z?062t1 (
T (2.16)
Equating the coefficients of € and £2 in (2.13) and (2. 15), we obtain
1 . 1
%(1 +e+2a— S)chzdz = E:P06151 (2 17)
and

1
~l@+e+3a-00ka,
1 2 w2 42
+ E(e +e—-2)—8QRa—-98)+2a(a—1) Qa3
1 1 s\ 1 ,
=E.{.P16151 +E:P061 82 —7 +ZP0€251. (218)
Similarly, the coefficients of { and {? in (2.14) and (2. 16), yield
1 u 1
—Z(1+8+2a—6)gc’2d2 =E?061’t'1 (219)
and
L2 3a —8)0k,(2d5 —a
7 2+e+3a- )Qg’?,( 5 —ds)

+ (%(52 +e—-2)—6Q2a—-96)+2a (a— 1)) Qélzzd§>

1 1 t?
- E“Pleltl + 5?061 tz - 7

1 2
+ Z?O(:’Ztl (2.20)
From (2.17) and (2.19), we find

ISSN No: 2250-3676 www.ijesat.com Page 22 of 38



International Journal of Engineering Science and Advanced Technology (IJESAT) Vol 26 Issue 11, November 2026

/ﬂl«lpoclﬁl /L?O(:’ltl (2 21)
2 = = — .
2(1+$+205—(5)QZ2 2(1+e+2a—5)QZ2
It follows that
81 = —’[71 (2 22)
and
8(1+ ¢+ 2a — §)2QLy d3 = K2PECE (82 + t7) (2.23)
Applying Lemma (1.1) in (2.21) we obtain
H|Py|C
Id,| < |PolC1 .
(1+e+2a-6)9,,
Adding (2.18) and (2. 20), and using (2.22) and (2.23), we obtain
4 | AP, CE ((2 +&+3a—8)0;,
1 2 w2
+ E(S +e—-2)—8Qa—-6)+2a(a—1) Q.2
—((C2— e + 2+ 2a - 6)7) Q47 | 43
= A2P5CF (5,
+ 15) (2.24)
which implies
d5
HPPEC3 (8, + T
— 0 C1 (82 2) _ (2.25)

AP CE(2 + £ + 3a — 6)QL,
4 +/L?0€12 <% (24+e-2)—-6Qa—-96)+2a(a — 1)> QéLZZ

—((C; -6+ e+ 2a— 5)2)Qé1',22

Applying Lemma (1.1) in (2. 25), we obtain
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| < #|Poly/Cy
21 =
AP CI(2 + &+ 3a — 6)Q,

N AP, CE <% (2+e-2)-86Ra—108) + 2a(a — 1))
G2

\ —((C;—CcDA + e+ 2a—6)?)
To derive the bound for |d5|, we subtract (2.20) from (2.18), which gives
_ AC1(2P181 + Po(8; — 12))
42 +e+3a — c?)Qé‘_3
R2PCI(52 +£2)
8(1+ ¢+ 2a— 5)295'22'

(2.26)

Using Lemma (1. 1) together wih (2.26), we obtain
ACL(|Pol + [P1]) + AP P§CT
2+e+3a—0)Q;; (1+e+2a— 520",

43| <

The proof now complete . ®

Theorem (2. 1) yields the following corollary when § = 0.

Corollary(2.1): Suppose that 7" € A is member of the class NV, 5 (4, 0,9), then
|d,|

< N|PylC14/C1

1
AP CE(S(24+e-2)+2a(a -1
APCE(2 + £+ 3a)Qk, +| 1(2( ) ( )> iy

—((C; — (A + e+ 2a)?)
and
AC1(|Po| + |P1]) hz?ozclz

45| <
2+e+3a0)Qc;  (1+¢+2a)20";

Similarly, Theorem (2. 1) gives he next corollary for 4 = 1.
Corollary(2.2): Let T € A be in the class V5 (1, 8,9), then
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|2

|PolC14/C1

PyC2 (% (e +e—-2)—-6Q2a—08) +2a(a - 1)> w2

PoCi(2 + e+ 3a—8)Q¢; + o7

—((c; =D + e+ 2a - 6)?)

and

C1(I1Pol + 1711 N P €7

3] < .
T @+e+3a-0)0f;  (1+e+2a—6)20"

Theorem (2.2): If T(¢) € ngg(h, 5,9), then

#|Cq
22+ e+ 3a— 5)Q§f3
APC1(2+e+3a—-6)(1—p) ,
,2 ¢3
2(1+ e+ 2a— 6)2Q52

|d3_#d%|S | P

+ |:P0| max 1,

|

wheree > 0,0<A<1,a>1,6€C.
Proof: From equation (2.26), we have

_ hCl(Z?lﬁl + ?0(52 - tz))
3 4(2 + £+ 3a — 6)Qk,

+ d53.

Therefore,

Ao — udz _ hcl(Z?lﬁl + ?0(52 - tz))
’ 2 4(2 +e+3a - 80/,

+ (1 - wd; (2.27)

From equation (2.26), we have
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ds — pd;

i re,

42+ e+ 30(—5)Qé‘_3
h2PECE (8T + 1)

[2P181 + Po(8; — 13)]

(2.28)
2
8(1+ ¢+ 2a— 5)2Q§2
Now put
- PoC1(2 + &+ 3a—8)(1 — w0,
2(1+ e+ 2a - 6)2Q‘;’22
Thus,
2 ACy 2 2
d3 —[,ldz m [2?151 +?0(52 +n51)—:})0(’t'2 +T]’t1)]

- 42+ e+ 3a — S)ch

Taking absolute values,and applying Lemma (1. 1), we get

|0i3_110[§|S G| [2|~7)1|+|?0||52 + 1%
42+ e+ 30(—6)Qé‘_3
Now applying Lemma (1. 2), we get
2 ’ﬁ’lcll
|ds — udj| < [[P1] + [Pol max{1, [n[}].

T 2(2+e+3a-8)Q;,
Hence, Theorem (2. 2) is proved.

Taking § = 0 in Theorem (2. 2), gives the next result.
Corollary(2.3): If T € A belongs to the class N5 (4, 0,9), then
£|Cy|
42 +e+ 3a)QZ3

/L:Pocl(z + &+ 305)(1 - ,Ll) m
,2 63
2(1+e+ Za)ZQg2

|0L3 —ud§| <

2|P4 |

+ 2|Py| max i1,

|
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3- The Subclass M fiz (t,4,9)

Definition (3.1): Let T € A be represened by (1.1). The function T is in the

class M, qffz (t,1,9), provied the following quasi-subordination conditions hold:

#

1 ((CETO) ) O
T\ Test 7O @ - ng v ag (120 70)
- 1), (3.1)
and
1| (¢ (2R ' HTPR(Q)
W\ =5z + -~ 1] <4 B
T\ s RO @ - g+ ag (12702)

—1). (3.2)
Where 0 <A< 1,0<£<1,7€C\{0}, R=7"1 9 is given by (1.6), and
£,0€U.

Taking # = 0 in Definition (3. 1), yields the following special case.

Remark(3.1): A function T € A represented by (1. 1) in the class M x(7,4,9),

whenever the following quasi-subordination conditions hold:

1 Hyer T @)

"la-ng+ag (20076

<q W) - 1.

and
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1 HEPR(Q)

"la- w5+ 2 (7R ©0)

<q W) - 1.

Theorem (3.1): For aafunction 7" represened by (1.1) and belonging to the class
M(fz (7, 4,9), the following esimates hold:

|2

T|IP0|C’1\/C’1

< ,(3.3)
TP CE(1 =32+ 2£)Q;, +

(T;poelz (% (£% —3#) —2A(1 — 2/1)) —(C-C)(1 -2+ fé)z) 0y

and
Iz|C1(IPo| + |P1]) T2PECE
sl =7 —13/1 i 24 X v 2gH2’ (34)
( Qs (1-22+4)%QL,
where
1\ @
éfz :(EI_Z) A+Q@2+p—pu—21t)" and
U ¢+ 1)9
4= (33) @rGro—u-10
Proof: Let T € Mfz (7,4, 9). Then there are analytic functions v,v:U - U
satisfying v(0) =v(0) =0, |v(§)| <1 and |[v({)| < 1 then:
onp \*
1|[& (207 () HETPT(6) .
T on.p T
T\ Huge TG (1 -2 +2¢ (3687 7(0)
= (O (PWE - 1) (35)
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and
1 ¢ (12 R(©) k+ HPR() i
I\ FEERO ) @i+ ag (a2 R©)
= W@ - 1) (3:6)

where R =T 1and &, € U.

Let p(¢) and g({) be defined by (2.7) and (2. 8) respectively.

N
1|(€ (el T®) Hygr T ~1
G (1= 28 + 28 (HEILT S ))I
_ pC)— 1\ _
v (ﬁ <3v(s‘) - 1) 1), (3.7)
and
N
1|(¢ (7272 R(©)) . Hyigt RO -1
|\ TR (1= 208 + 23 (HEIERE )>,
_ 4@ —1\ _
=¥() <'9 ( a() + 1) 1>. -

Using the series expansions for 7' (¢) and R({) given by (1.1) and (1.2)

respectively, we obtain
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*

1|5 (o2t ©) Hugt 76 1
Hasi 7O - g+ 2¢ (1220m©)

1
=—-|1+@-24+ )¢, d2¢

+ ((1 — 31+ 24)0Qf;d4

+ (% (h? —3k) —24(1 - 2,1)> Q,ff;jd%) g2

‘. (3.9)
and
N2
1| (2 (e0m0) el MO _____,
Hugi RO ) =g +ag (1220 R@)

1 u
== [1 — (1 =22+ £)Q%,d,¢
+ ((1 — 31+ 2#)0¢,(2d5 — d3) + (% (B2 —38)—22(1 — 2/1)> Qéff@) 72

. (3.10)

A comparison of the coefficients of € and &2 in (3.9) and (2. 15), yields

1 1
p (1 =24+ R)Q¢,d, = 5%6151 (3.11)
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and
1 [z 1 .2 H2 42
~ 1-31+ Z/k)chdg + 7 (#°—3#)—2A(1 — 24) Qe a;

1 1 s\ 1 )
= E‘{'Plcl’sl + E:P()Cl 8y — 7 + ZPOCZ’Sl (3 12)

In the same way, comparing the coefficients of ¢ and {? in (3.10) and (2. 16),

gives

1 1
- (1—22+£)Q%,d, = E:P(,eltl (3.13)

%[((1 — 31+ 2#)0¢ (245 — d3) + e (2 —3k)—22(1 — 21)) Qéf'jd%)

= 1?161/;1 + 1:Poe1 (tz — t—lz> + lgpocztf (3.14)
2 2 2] "4
Equations (3.11) and (3.13), give
TP,C1 8 TP C1t

=0 gal+1k)ggfz T 2a- ;),11+1/a)ggfz (3.13)
It follows that

8y = —1, (3.16)
and

8(1— 21+ £)?Ql7d% = T2 P¢CE (s} + ¢7) (3.17)

Applying Lemma (1.1) in (3. 15) we obtain

|TPs|Cy
(1-22+4£)Q%,

|d,| <
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Adding (3.12) and (3.14), and using (3.16) and (3.17), we obtain
2 u 1 2 w2
4(TPoCE(1 34+ 2£)QF, + (5 (A2 — 3) — 24(1 - 21) | 01

—(C;—C(1 -2+ fa)ZQé‘,ﬁ] d5
= 12PEC3 (8, + 1) (3.18)
which implies
d5
T2P§C3 (85 + 1)

— . (3.19
TP,CE(1— 31+ ZJé)Q,f.f3 + ( )

4 , (1 w2
(waoel (7 (#2 — 3k) — 2A(1 — 2/1)) —(Cz—C)(1-22+ W) 22

Applying Lemma (1.1) in (3.19), we obtain
42|

|T7’o|61\/ Cy

P, C2(1—31+ Zk)Qgg +

<T?0612 (% (R2—34) —22(1 — 2,1)) - (- -22+ /&)2> oy

Furthermore, to obtain the bound for |d5|, subtracting (3.12) and (3.14), we

obtain

_ TCl(Z?lsl + ?0(52 - tz))
3 4(1-31+28)Q%,

L TPeci(si+41)
8(1 — 21 + £)2Q%;

(3.20)
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Applying Lemma (1. 1) in (3.20), we get

IT|C1(1Po] + |P11]) T2PECT

|ds| < +
TT(A-30+28)00,  (1-20+£)20

This complete the proof. =
Theorem (3. 1) reduces to the next corollary when A = 0.
Corollary (3.1): If T € A belongs to the class M, cfZ (t,9), then
|2

|TP 0|61\/C—1

\/1?0612(1 + ZI&)QQ3 + <T?OC’12 <% (R2% — 3/%,)) —(C,—¢c)+ /&)2>QZ.22

and

| < [7IC1(|1Po] + I7’1I)Jr %P3 CF
3l =
(1+28)Q;;  (1+4£)%Q%;

Similarly, takin # = 0 and 7 = 1 in Theorem (3. 1) gives the next corollary.

Corollary (3.2): Suppose that T € A belonge to the class M (7, 4,9), then

] < |Po|C14/C1
21 =
\]T?O(:’lz(l - 3/1)Qg3 —(C;-C(A - 2’1)295,’22

and

C1(IPol + 1P P Ct

|ds] < +
(1-3D9Q¢;  (1-212%0%;
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Theorem (3.2): If T(§) € MfZ(T, A,9), then

ds — 2| < — 1 X
2(1-31+24£)0Qf,

TPoC1(1 =32+ 24£)(1 — 1) Q¢4
2(1— 21+ £)2Q7

+ | Py max{l,

|

where 0 <1<1,0<#£ <1,1 € C\{0}.
Proof: From equation (3.20), we have

_ TC’l(Z.'Plﬁl + ?0(52 - 7[«'2))

+ d?
3 4(1 - 31+ 24)Q", 2
Therefore,
TC1(2P181 + Py(8, —
P o1 L i G Tk ) BCRRY (3.21)
4(1-31+24£)Q%,
From equation (3.17), we have
d3 — pdj
€1 [2P181 + Py (s, — £5)]
= 8 8y —
4(1 =31+ 2/)Qk, T T
12 P§CE (87 + 11
y—0 131 + 1) (3.22)

2"
8(1—22+#)2Q;;
Now put

TPoC1(1 =31+ 2£)(1 — 1)QF,
- 2(1— 21+ £)2Q"7

n

Thus,
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TCl

_ 2 _ 2 2
d; — ud; 1-31+ Zk)Qéfg[ P181 + Po(8; +ns7)
— Po(;
+nt?)]. (3.23)

Taking absolute values,and applying Lemma (1. 1), we obtain

7[C4 |
4(1-32+2#)QL,

|ds — ud?| < [21P1] + [Pol |52 + 83| + 1Pol[#2 + ]

Now applying Lemma (1. 2), we get

7|Cy |
dz — pdj| < Pil + P 1,
45 = hti] = 3T 35 zmygr, a1+ Pol maxt ol

Hence, Theorem (3. 2) is proved.

For A = 0 in Theorem (3.2), the next result follows.

Corollary(3.3): If T € A is a member of the class Mfz (t,9), then

T[Cy |
2(1+2#)Q;,

|y — na| < 14|

TPCy (1 + 2£)(1 — WO,
2(1+ £)2Q%;

+ |?0| maX{l,

}l

Conclusions

In conclusion, a new convolution operator based on the convolution of the Komatu
integral operator and the Opoola differential operator was considered. Using this

operator and quasi-subordination, new subclasses of bi-univalent functions were
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introduced. For these subclasses, estimates of the initial coefficients |d,| and |d5],

as well as the corresponding Fekete—Szego inequalities, were obtained.
References

[1] P. L. Duren, Univalent Functions, Grundleheren der Mathematischen
Wissenchaften Vol.259, Springer- Verlag, New York, (1983).

[2] Y. Komatu, On analytical prolongation of a family of operators, Mathematica
(Cluj), 32(55) (1990), 141-145.

[3] T. O.Opoola, On a Subclass of Univalent Functions Defined by a Generalised
Differential Operator, International Journal of Mathematical Analysis, 11(18)
(2017), 869-876.

[4] S. A. Al-Ameedee, W. G. Atshan and F. A. Al-Maamori, Coefficients estimates
of bi-univalent functions defined by new subclass function, Journal of Physics:
Conference Series, 1530 (2020), 012105, 1-8.

[5] W. G. Atshan, S. Yalcin and R. A. Hadi, Coefficients estimates for a special
subclass of k-fold symmetric bi-univalent functions, Mathematics for
Applications, 9(2) (2020), 83-90.

[6] R. Bucur, L. Andrei and D. Breaz, Coefficient bounds and Fekete-Szego
problem for a class of analytic functions defined by using a new differential
operator, Applied Mathematical Sciences, 9(25-28) (2015), 1355-1368.

[7] M. Fekete and G. Szeg0, Eine Bemerkung Uber Ungerade Schlichte
Funktionen, Journal of the London Mathematical Society, 8(2) (1933), 85-89.

[8] R. S. Juma and M. H. Saloomi, Coefficient bounds for certain subclass of

analytic functions defined by quasi-subordination, Iraqi Journal of Science,

59(2C) (2018), 1115-1121

ISSN No: 2250-3676 www.ijesat.com Page 36 of 38



International Journal of Engineering Science and Advanced Technology (IJESAT) Vol 26 Issue 11, November 2026

[9] F. R. Keogh and E. P. Merkes, A coefficient inequality for certain classes of
analytic functions, Proceedings of the American Mathematical Society, 20(1)

(1969), 8-12.

[10] M. S. Robertson, Quasi-subordination and coefficient conjectures, Bulletin of

the American Mathematical Society, 76 (1970), 1-9.

[11] M. Lewin, On a coefficient problem for bi-univalent functions, Proc. Amer.
Math. Soc., 18 (1967), 63-68.

[12] D. A. Brannan and J. G. Clunie, Aspects of contemporary complex analysis,
Academic Press, New York, London, (1980).

[13] E. Netanyahu, The minimal distance of the image boundary from the origin
and the second coefficient of a univalent function in |z| < 1. Arch. Rational
Mech. Anal, 32 (1969), 100-112.

[14] D. Styer and D. J. Wright, Result on Bi-univalent Functions, Proc. Amer.
Math. Soc., 82(2) (1981), 243-248.

[15] D. L. Tan, Coefficient estimates for bi-univalent functions, Chin. Ann. Math.
Ser. A., 5(5) (1984), 559-568.

[16] D. A. Brannan and T. S. Taha. On some classes of bi-univalent functions,
Studia Univ. Babes Bolyai Math., 31(2) (1986), 70-77.

[17] H. M. Srivastava, S. Gaboury, and F. Ghanim, Coefficient estimates for
some general subclasses of analytic and bi-univalent functions, Aft.

Math., 28(5-6) (2017), 693-706.

[18] W. G. Atshan and E. 1. Badawi, Results on coefficients estimates for

subclasses of analytic and bi-univalent functions, Journal of Physics:

Conference Series, 1294 (2019), 032025, 1-9.

ISSN No: 2250-3676 www.ijesat.com Page 37 of 38



International Journal of Engineering Science and Advanced Technology (IJESAT) Vol 26 Issue 11, November 2026

[19] W. G. Atshan, I. A. R. Rahman and A. A. Lupas, Some Results of New
Subclasses for Bi-Univalent Functions Using Quasi-Subordination,

Symmetry, 13(9) (2021), 1653, 1-12.

[20] W. Ma and D. Minda, A unified treatment of some special classes of univalent
functions, Proceedings of the conference on complex analysis, Z. Li, F.Ren, L.
Yang and S. Zhang, eds., Internaional Press, 1994, 157-169.

[21] P. L. Duren, Subordination, in Complex Analysis, Lecture Notes in
Mathematics, Vol. 599, Springer, Berlin, Germany, 1970, pp. 22-29.

ISSN No: 2250-3676 www.ijesat.com Page 38 of 38



